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Kinetics of the catalysis-driven aggregation processes
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Department of Physics, Wenzhou Normal College, Wenzhou 325027, China

~Received 1 June 2002; published 19 December 2002!

We study a catalysis-driven aggregation model in which irreversible growth ofA aggregates occurs only
with the help of the catalyst. The results show that kinetics of the system depends strongly on whether the
catalyst coagulates by itself or not. The mass distribution ofA clusters obeys a conventional scaling law in the
case without self-coagulation of the catalyst, while for the reverse case the evolution of the system falls in a
peculiar scaling regime. Our theory applies to diverse phenomena such as the cluster-size distribution in a
chemical system.
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The aggregation phenomenon is of widespread interes
many fields of science and technology@1–3#. Typically, let
Ai denote a cluster consisting ofi monomers, an irreversible
aggregation process can be described by the reaction sc
Ai1Aj→Ai 1 j . That is, the clustersAi and Aj can bond
spontaneously and form a larger clusterAi 1 j . In the last few
decades, many theoretical developments stemmed from
analyses of the evolution behaviors of the aggregates
made kinetics of the aggregation system well underst
@4–13#. Theoretical investigations showed that the mass
tribution of the aggregates approaches a scaling form in
long-time limit @4–8,10,11#. In general, most of these work
focused on the above self-coagulation processes. Kang
Redner@14# introduced a particle coalescence model~PCM!.
In the PCM, the clusters are defined to be single lattice s
and the aggregation or annihilation reaction occurs whene
two or more clusters occupy the same lattice site. The P
can be used to investigate the kinetics of the cluster-clu
aggregation processes in low dimensions@15,16#. On the
other hand, the PCM can be viewed as the aggregatio
annihilation of the clusters only in the presence of an imm
bile substance, the ‘‘catalytic site.’’ In fact, the catalys
activated processes play important roles in many techn
gies as they help in producing required products from
species that are nonreactive in normal physical conditio
Those chemically stable species may enter a reaction in
presence of a third catalytic substance. Recently, Burla
et al. @17# and Oshaninet al. @18# introduced a three mol
ecule reaction model and analyzed the kinetics of the p
cesses by extending the Smoluchowski approach. In
catalysis-activated reaction model~CARM!, the elementary
reaction step isA1B1C→product, whereA and B repre-
sent two different types of stable species andC denotes a
catalytic substance. However, the irreversible aggrega
processes driven by a mobile catalyst remain fully un
plored.

We now define our catalysis-driven aggregation mo
based on the CARM. In this model, the first elementary
action step is a reversible reaction,Ai1B
AiB, and the
second step is an irreversible reaction,AiB1Aj→Ai 1 j
1B* , whereA is a kind of chemically stable species th
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cannot coalesce by itself,B is a catalyst, andB* is the prod-
uct of the catalyst. We assume that the reversible reac
reaches its steady state in no time. Thus, the catalytic r
tion is controlled by the second step. The catalytic react

then readsAi1Aj1B →
K( i ; j )

Ai 1 j1B* , which is similar to the
above-mentioned three molecule reaction. Here,K( i ; j ) is
the equivalent catalytic reaction rate.

It is well known that after the catalytic reaction the pro
uct of the catalyst may or may not retain its catalytic abili
On the other hand, the catalyst molecules may coagulate
themselves in some cases, and for other cases
aggregation of the catalyst does not occur. In this paper,
investigate thoroughly the dependence of the kinetics of
aggregation system on the catalyst. We believe that
catalysis-driven aggregation model not only provides a na
ral description of the evolution of aggregate-mass distri
tion in the above-mentioned chemical process, but also m
ics a wide variety of physical and social phenomena. F
example, cooperative business operation of two sepa
companies proceeds only with the help of an intermediary
some economic activities, which may be regarded a
catalysis-driven aggregation process. On the other hand
catalysis-driven mechanism exhibits very rich kinetic beh
ior and is thus of interest in studying the scaling evoluti
properties of the aggregation system.

We study our model in the mean-field limit. The mea
field approach to the reaction process assumes that the
tion proceeds with a rate proportional to the concentrati
of the reactants. The mean-field assumption neglects the
tial fluctuation of the reactant densities and, therefore,
plies to the case in which the spatial dimensiond of the
system is equal to or greater than a critical dimensiondc . As
for the case ofd,dc , the fluctuations in the reactant dens
ties may lead to a diffusion-controlled kinetics in the lon
time limit. It is found that for an irreversible aggregatio
systemdc52 @6,14#. In our model, the dominant reaction
also an irreversible binary aggregationlike reaction. Hence
is reasonable that for our system the critical dimensiondc is
also equal to 2. The spatial dimensiond of our system is
assumed to be greater than 2 and the mean-field approa
thus valid.

We first investigate the catalysis-driven aggregation p
cesses without any consumption of the catalyst. Gener
©2002 The American Physical Society01-1
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we assume that self-coagulation of the catalystB, Bi1Bj

→
J( i ; j )

Bi 1 j , coexists with the catalytic reaction, and the agg
gation rate is equal toJ( i ; j ). The concentrations ofA andB
clusters ofk-mers are denoted asak andbk , respectively. We
consider a simple model with constant reaction rates. All
catalytic aggregation ratesK( i ; j ) equal a constantI 1 and the
self-coagulation ratesJ( i ; j ) of B clusters equalI 2. Then the
mean-field rate equations for the catalysis-driven aggrega
process read

dak

dt
5

I 1

2 (
i 1 j 5k

(
l 51

`

aiajbl2I 1ak(
j 51

`

(
l 51

`

ajbl ,

dbk

dt
5

I 2

2 (
i 1 j 5k

bibj2I 2bk(
j 51

`

bj . ~1!

We consider the simplest but important case of mono
perse initial conditions,

ak~0!5A0dk1 , bk~0!5B0dk1 . ~2!

The rate equations~1! can then be solved with the help o
ansatz@10#

ak~ t !5A~ t !@a~ t !#k21, bk~ t !5B~ t !@b~ t !#k21. ~3!

Substituting Eqs.~3! into Eqs.~1!, we can transform the rat
equations~1! into the following differential equations:

da

dt
5

I 1AB

2~12b!
,

dA

dt
52

I 1A2B

~12a!~12b!
, ~4!

db

dt
5

I 2B

2
,

dB

dt
52

I 2B2

12b
, ~5!

with the corresponding initial conditions

a50, b50, A5A0 , B5B0 at t50. ~6!

From Eqs.~4! and ~5!, one can easily determine

a~ t !5

I 1A0 lnS I 2B0

2
t11D

I 1A0 lnS I 2B0

2
t11D1I 2

, A~ t !

5I 2
2A0F I 1A0 lnS I 2B0

2
t11D1I 2G22

,

b~ t !5
I 2B0t

I 2B0t12
, B~ t !5

4B0

~ I 2B0t12!2
. ~7!

Thus we obtain the asymptotic scaling solutions,

ak~ t !.S I 2

I 1
D 2

A0
21~ ln t !22exp~2x!,

bk~ t !.4I 2
22B0

21t22 exp~2y!, ~8!
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which are valid in the regions k@1, t@1, x
5(I 2 /I 1A0)k(lnt)215finite, y5(2/I 2B0)kt215finite. In the
long-time limit, the cluster-mass distribution ofB catalyst
approaches a conventional scaling law as follows@10#:

ck~ t !.t2wF@k/S~ t !#, S~ t !}tz, ~9!

where S(t) is the characteristic mass which plays a ro
analogous to that of correlation length in ordinary critic
phenomena. However,A species scales according to th
logarithm-correction formck(t).(ln t)2wF$k/S„ln(t)…%. In
this case, the governing exponents for both species are
same,w52 andz51. The typical mass ofA species grows
as lnt while that of B catalyst grows ast. Moreover, both
species satisfy the mass conversation law,MA(t)5(kkak
5A/(12a)2[A0 and MB(t)5(kkbk5B/(12b)2[B0,
which is natural for the aggregation processes without
consumption of the reactants. On the other hand, it is w
known that for a general irreversible aggregation syst
with a constant rate kernel the cluster-mass distribution
proaches the conventional scaling form of Eq.~9! @1,2#. Thus
we conclude that this catalysis-driven aggregation mec
nism gives a somewhat different kinetic behavior from t
conventional aggregation.

For I 250 case in whichB catalyst does not aggregate b
itself, the governing equations~1! reduce to

dak

dt
5

I 1

2 (
i 1 j 5k

~aiajb1!2I 1ak(
j 51

`

~ajb1!,
db1

dt
50.

~10!

Under the initial conditions~2!, from Eqs.~10! we obtain the
well-known Smoluchowski solution for the cluster-mass d
tribution of A species,

ak~ t !.4A0~ I 1A0B0t !22 exp~2x!, x52k~ I 1A0B0t !21,
~11!

with the scaling exponentsw52 andz51. The results imply
that for this caseA species scales as in an irreversible sing
species aggregation system@1,2#.

By making a comparison between Eqs.~8! and ~11! we
find that self-coagulation of the catalyst makes the conv
tional scaling description of the mass distribution bre
down and the evolution behavior of the system obeys
logarithm-correction scaling form. The results also imp
that the coagulation of the catalyst delays the evolut
course of the system.

Second, we turn to investigate the catalysis-driven agg
gation processes with the catalyst consumption. After
catalytic reaction, the productB* of the catalyst loses its
catalytic ability and then withdraws from the process. W
first consider the case without self-coagulation of the ca
lyst. The governing mean-field rate equations~10! for the
catalysis-driven aggregation processes are then rewritten
1-2
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dak

dt
5

I 1

2 (
i 1 j 5k

~aiajb1!2I 1ak(
j 51

`

~ajb1!,

db1

dt
52

I 1

2
b1 (

i , j 51

`

aiaj . ~12!

Under the monodisperse initial conditions~2!, with the help
of the ansatz~3! we transform Eqs.~12! into the following
equations:

da

dt
5

I 1AB

2
,

dA

dt
52

I 1A2B

12a
,

dB

dt
52

I 1A2B

2~12a!2
.

~13!

From Eqs.~13! we obtain

B5B02A0a, ~14!

da

dt
5

I 1A0

2
~12a!2~B02A0a!. ~15!

For simplicity, we omit here the suffix 1 of the aggreg
tion ratel 1 in the following discussions. WhenB0.A0, we
integrate Eq.~15! and then obtain the asymptotic solution
a(t) in the long-time limit,

a~ t !.12
2

IA0~B02A0!
t21. ~16!

The asymptotic solutions ofA(t) and B(t) are then deter-
mined as follows:

A~ t !.
4

I 2A0~B02A0!2
t22, B~ t !.B02A0

1
2

IA0~B02A0!
t21. ~17!

Thus we obtain the scaling solution

ak~ t !.
4

I 2A0~B02A0!2
t22 exp~2x!,

x5
2

IA0~B02A0!
kt21. ~18!

In this case, the typical mass ofA species grows ast, andA
clusters coalesce each other completely by the action oB
catalyst in the end. On the other hand, the total mass oA
species obeys the mass conservation law throughout the
cess, whileB catalyst is steadily consumed and only the m
B02A0 remains at last.

WhenB0,A0, one can derive the asymptotic solution
B(t) at large times,

B~ t !.B0 exp~2dt !, ~19!

where d5I (A02B0)2/2. The scaling solution ofak(t) is
then given as follows:
06210
ro-
s

ak~ t !.A0S 12
B0

A0
D 2S B0

A0
D k

exp~2x!, x5k exp~2dt !.

~20!

These indicate that the conventional scaling description~9!
of the mass distribution breaks down forA clusters in this
case and the evolution of the system falls in a peculiar s
ing regime. We can modify the conventional scaling form~9!
as follow @13#:

ck~ t !.hk@ f ~ t !#2wF$k/S„f ~ t !…%, S~ t !}tz, ~21!

whereh is a constant (0,h,1) andf (t) is an unusual func-
tion of time, such aset, ln t, 2t, and so on. In this case, th
unusual function isf (t)5et. The exponents arew50 and
z5I (A02B0)2/2. It is found that the exponentz is depen-
dent on the initial concentrations as well as the aggrega
rate. Moreover, the modified scaling form~21! indicates that
two different mass scales are associated withA species. One
is a growing scaleS(t);exp(dt), which is forced by the
catalysis ofB species. Another is a time-independent sc
S51/(12h)5A0 /(A02B0), which will dominate the evo-
lution behavior ofA species in the long-time limit. On the
other hand, sinceA clusters cannot coalesce without the ca
lyst, the aggregation reaction ofA species will cease as soo
as the catalyst exhausts. In this case, the catalyst is ste
consumed by the reaction and will be exhausted fina
Thus, only a part of smallA clusters can bond each other
form a large cluster with the help of the catalyst, and th
small A clusters dominate over the larger ones in the lon
time limit. Moreover, the total number ofA clusters,NA(t)
.A02B0 at t@1, indicates that the aggregation ofA clus-
ters cannot be fulfilled in the case ofB0,A0.

In the borderline case ofB05A0, from Eqs.~14! and~15!
we get

a~ t !512~11IA0
2t !21/2, A~ t !5

A0

11IA0
2t

,

B~ t !5A0~11IA0
2t !21/2. ~22!

In the long-time limit, we obtain the asymptotic scaling s
lution,

ak~ t !5
A0

11IA0
2t

@12~11IA0
2t !21/2#k21

.
1

IA0
t21 exp~2x!,

~23!

x5
1

AIA0

kt21/2,

with the exponentsw51 andz51/2. These indicate that al
the smallA clusters aggregate into a larger cluster by t
action ofB catalyst and the catalyst is consumed complet
in the end. Hence, the largeA clusters dominate over th
small ones in the long-time limit, which is similar to the fir
case ofB0.A0. However, the exponents for this case a
half as large as those for the caseB0.A0.
1-3
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Finally, we investigate the case in which self-aggregat
of B catalyst coexists with the catalytic reaction. Here,
catalyst is steadily consumed by the catalytic reaction. T
the governing rate equation forA species is the same as Eq
~1! and that forB catalyst is rewritten as

dbk

dt
5

I 2

2 (
i 1 j 5k

bibj2I 2bk(
j 51

`

bj2
I 1

2
bk (

i , j 51

`

aiaj .

~24!

Under the monodisperse initial conditions~2!, by employing
the above technique we obtain the asymptotic scaling s
tions in the long-time limit,

ak~ t !.A0~12a`!2a`
k exp~2x!, x5C1a`

21k exp~2gt !,

bk~ t !.C2b`
k exp~2gt !exp~2y!,

y5
12b`

2b`
kexp~2gt !, ~25!

whereC15I 1A0(12a`)2/2I 2 , C25I 1A0
2(12a`)2(12b`)/

2I 2 , a`5I 1A0 lnb` /(I1A0 lnb`1I2), b`512b`
21 , g

5I 1A0
2(12a`)2/2, andb` is a finite constant satisfying th

expression *1
b`dx@ I 2 /(I 21I 1A0 ln x)#25I2B0 /I1A0

2. These
show that the conventional scaling descriptions of
cluster-mass distributions break down for bothA species and
B catalyst, but they obey the modified scaling form of E
~21!. It is obvious that botha` andb` are less than unity. By
settingf (t)5et we then find that the exponents forA species
o

06210
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are w50 and z5g while those forB catalyst arew5z
5g. This implies that the exponents are dependent on
initial concentrations as well as on the reaction rates.A andB
species have the same growing scaleS(t)}exp(2gt), and the
time-independent scale forA species isSA51/(12a`),
while that forB catalyst isSB51/(12b`). It is obvious that
the catalyst cannot make all theA clusters coagulate togethe
Hence, no matter how large the initial concentration of t
catalyst is, one can find that smallA clusters are always
conserved in the system. The increase of the catalyst
only improve the output of the largerA aggregates.

In summary, we investigated the catalysis-driven aggre
tion system withA species andB catalyst to analyze the
dependence of kinetics of the aggregation system on
catalyst. The results show that whether the catalyst ag
gates by itself or not plays an important role in the kine
behavior of the system. For the processes without any c
sumption of the catalyst, the cluster-mass distribution of
system approaches a conventional scaling form in the c
without B catalyst’s self-coagulation while the evolution b
havior of the system obeys a logarithm-correction scal
law in the reverse case. For the cases in which the cataly
consumed during the catalytic reaction, the evolution of
system with the catalyst’s coagulating always obeys a mo
fied law, while the kinetics of the system without se
coagulation of the catalyst depends strongly on the detail
the initial concentrations of the reactants.
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